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Abstract: In this article we continue our investigation of the Derived Equivalences over 
noetherian quasi-projective schemes X, over affine schemes Spec (A). For integers k > 
0, let C'M^(A) denote the category of coherent Cx-modules with locally free di¬ 
mension dimy(x)(d^) = k = grade{X). We prove that there is a zig-zag equivalence 
(C'M^(X)) —)■ {y{X)) of the derived categories. It follows that there is a sequence 

of zig-zag maps K {CM^+\X)) -- K (CMqX))-- Uxexw (CMyAP) of the K- 

theory spectra that is a homotopy hbration. In fact, this is analogous to the hbrations of 
the G-theory spaces of Quillen (see proof of (Q| Theorem 5.4]). We also establish similar 
homotopy hbrations of GW-spectra and GlU-bispectra. 


1 Introduction 

In [Q], Qullen established the foundation of iU-theory of regular schemes X in a complete 
manner. In fact, for any scheme X, Quillen provides a complete foundation of iU-theory of 
the category Coh{X) of the coherent sheaves on X, along with the hltration of Coh{X) by 
co-dimension of support of the objects X G Coh{X). This relates to Gersten complexes and 
spectral sequences associated to any such scheme X (see [Q| §5]). The A-theory of Coh{X) 
is also known as G-theory. For regular schemes X the A-theory of the category 'A(A) of 
locally free sheaves reconciles fully with that of Coh{X). Consequently, the A-theory of 
regular schemes appears very complete. However, the A-theory of non-regular schemes 
never reached the completeness and harmony that the A-theory of regular schemes had 
achieved. Work of Waldhausen ((Wj) and Thomason-Trobaugh f |TT] ) would be milestones 
in this respect, most notably for their introduction of derived invariance theorems and 
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localization theorems, applicable to non-regular schemes. Further, while developments in 
Grothendieck-Witt theory (GhF-theory) and Witt theory followed the foot prints of K- 
theory ( |S31 IBl] h due to lack of any natural duality on Coh{X), the situation in these two 
areas appear even less complete. When, X is non-regular, the category M(X) of coherent 
sheaves with hnite lF(X)-dimension differs from Coh{X). There appears to be a gap in 
the literature of iF-theory, GPF-theory, and Witt theory, with respect to the place of the 
category M(X). One can speculate, whether this lack of completeness is attributable to 
this gap? The goal of this one and the related articles is to work on this gap and attempt 
to establish the said literature on non-regular schemes at the same pedestal as that of 
regular schemes. For quasi-projective schemes over noetherian affine schemes, this goal is 
accomplished to up some degree of satisfaction. The special place of the full subcategory 
GM^(X) C M(X) would also be clear subsequently, where for integers k > 0, GM^(X) 
will denote the full subcategory of objects X in M(X), with dim-^(x)(*F) = grade {X) = k. 

With respect to a certain facets of these three areas, namely Algebraic iF-theory, 
Grothendieck-Witt {GW) theory and Witt theory, a common thread between them is 
their invariance properties with respect equivalences of the associated Derived categories. 
We review some of the results on such invariances. For example, recall the theorem of 
Thomanson-Trobaugh f |TTl Theorem 1.9.8]); suppose A — )■ B is a functor of complicial 
exact categories with weak equivalences. Assume that the associated functor of the trian¬ 
gulated categories XA ^ is an equivalence. Then, the induced map K(A) —)■ K(B) 
of the K-theory spaces is a homotopy equivalence (see |S11 3.2.24]). The non-connective 
version of this theorem was given by Schlichting f |S2l Theorem 9], also see |S11 3.2.29]); 
which states that under the relaxed hypothesis that, ii XA ^ is an equivalence up 
to factors, then it induces a homotopy equivalence ]K(A) —)■ ]K(B) of the K-theory spec¬ 
tra. While iF-theory is dehned for complicial exact categories with weak equivalences, 
Schlichting dehned Grotherndieck Witt {GW) spectra and bispectra f|S3]. also see ^A|) of 
pointed dg categories with weak equivalences and dualities. Invariance theorems of GW- 
spectra and GfF-bispectra, similar to A-theory, were established in |S31 Theorems 6.5, 8.9]. 
Gontrary to A-theory and GPF-theory, Balmer dehned Witt theory (PF-theory) for Tri¬ 
angulated categories with dualities f |Bl] ). which encompasses the Derived categories with 
dualities. Therefore, the shifted Witt groups are invariant with respect to equivalences of 
derived categories, by m Theorem 6.2]. Another common thread between these three 
areas is the exactness properties of the associated triangulated categories. In particular, 
the renowned Gerstner complexes, in A-theory, GPF-theory and Witt theory, are obtained 
by routine manipulation (see Remark 14.5|) of the respective invariants, by such derived 
equivalences and exactness properties of the associated triangulated categories. Therefore, 
in this article we consider equivalences of certain derived categories, over quasi-projective 
schemes, which we state subsequently. 

The readers are referred to fl2.ip for clarihcations regarding notations and the dehnition 
of grade. Other than the notations explained above, for integers k > 0, M^(A) will 
denote the category of coherent Ox-niodules X with hnite locally free dimension, and 
grade {X) > k. We prove that, for a noetherian quasi-projective scheme X over an affine 
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scheme Spec (A), and integers > 0, the functor of the derived categories 

C ; (C'M^(X)) ^ V’’ (M^(X)) is an equivalence 

(see Theorem 13.ip . We also prove that the functor of the derived categories 

/3 ; V’’ (M^+^(X)) {M\X)) is faithfully full 

(see Theorem 13.6p . Consequently, the functor (C'M^+^(X)) —)■ (M^(X)) is faithfully 
full. Combining the results in |M3) . we have the following summary of results. Consider 
the commutative diagram 


p6(C'M^+HW)) ^-P^(M^+i(X)) ^^+i((M(X)) 


V\CM^{X)) 


T>^(M'=(X)) 


^^{{M{X)) < ~ ^\y{X)) 


( 1 ) 


of functors of derived categories. Then, all the horizontal functors are equivalences and, 
all the vertical functors are fully faithful (see Theorem 13.7p . 

Having stated the equivalence theorem fl3.7p . we first turn our attention to its con¬ 
sequences to Algebraic TT-theory of quasi-projective schemes X over an affine scheme 
Spec (A). Note that CM^(X) is an exact category. Quillen defined K-theory space 
K ((f) of any exact category S’. To incorporate negative A'-groups, following Bass, Karoubi 
and others, Schlichting formally introduced f |Sll IS2] i K-theory spectrum K((^) for such 
exact categories S. By agreement theorems f |TTP Theorem 1.11.17], |Sll 3.2.30]), there 
are homotopy equivalences 

r K{S) {Ch}^ (S)) of the K —theory spaces, 

\ K (S) —> K ((o’)) of the K—theory spectra, 

where the right hand sides correspond to the A'-theory space/spectrum of the category 
Ch^ (S) of chain complexes. Since C'M^(X) is an exact category, the agreement theorems 
apply. Now, by application of the Derived Equivalence Theorem 13.71 for a noetherian 
quasi-projective scheme X, over an affine scheme Spec (A), we obtain zig-zag homotopy 
equivalences (see fl2.ip for notations) 

r K (C'M^(X)) ^ K of the K —theory spaces, . . 

( K (CM^(X)) ]k; (X(X))J of the K—theory spectra. 

Now assume that X is Cohen-Macaulay. In this case, the Thomason-Waldhausen Local¬ 
ization theorem ((SU 3.2.27] applies to the inclusion (^(X)) (lC(X)), and 

using the identifications ([2]), we obtain a sequence 

K (CM^+HW))-- K (C'M'=(X))-- Uxexw (C'M^(^x)) 
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of zig-zag maps (via homotopy equivalences) of K-theory spectra, that is a homotopy fi- 
bration (see Theorem 14.2p . where '■= Spec {Ox,x)- This is an analogue of the homotopy 
fibration of G-theory spaces, due to Quillen (see proof of El Theorem 5.4]). Accordingly, 
for all integers n, G Z with k > 0, there is an exact sequence 

--K, (GM^+i(X))-(GM"(X))-(GM^(X,,)) 

-- K„_i (GM"+i(X))-- • ■ ■ 

of K-groups (see Corollary 14.3p . We remark fl4.4p that, if X is regular, similar statements 
regarding K-theory spaces and groups would also be valid. While these results allow us to 
rewrite the Gersten K-theory complexes in terms of the K-groups of the "local categories" 
GM^(Xj.) (see Remark 14.5p . they provide further insight in to the same in terms of the 
K-groups of GM^(X). When, A is a Cohen-Macaulay local ring with dim A = d and 
X = Spec (A), it is a result of Roberts and Srinivas |RS1 Proposition 2] that the map 
Kq (GM'^(X)) —)■ Kq (lC(X))) is an isomorphism, which would be a consequence of 
the above homotopy equivalence ([2]). 

Results on GW-theory would be fairly similar. Note that in the diagram ([T]) of equiv¬ 
alences, the dg categories of M^(X) does not have a natural duality structure. Remedy 
for this was obtained by embedding this category in the respective category of perfect 
complexes. We assume that X is a quasi-projective scheme over an affine scheme Spec (A), 
with 1/2 G A. Then, for integers r = 0,1,2,3 and /c > 0, we obtain zig-zag homotopy 
equivalences 

r GWM {dgCM^{X)) XX, Q^^{k+r] i^dg^yi^x)) of the GW —spectra, . . 

\ GIRM {dgCM\X)) ^ GIRM {dg^y{X)) of the GlR-bispectra. ^ ^ 

When X is Cohen-Macaulay, there is sequence of zig-zag maps 

GlR[-^+"] (d^GM'^+^X))-- GIRM (d^GM^(X))-- Uxgxw (d^GM^ (X^)) 

that is a homotopy fibration of GlR-bispectra. When X is regular, similar homotopy 
firation of GW-spectra would also be valid. Again, this is a GlR-analogue of the homotopy 
fibration of the G-theory spaces of Quillen (see the proof of Theorem 5.4]). Note 
that such statements about Grothendieck Witt theory would not make sense in G-theory 
(meaning, working with Goh^(X)) because of non-existence of any natural duality in the 
respective categories. 

With respect to implications to the derived Witt theory, assume that X is regular quasi- 
projective scheme over an affine scheme Spec (A), with 1/2 G A. For an integer k > 0, 
consider the exact sequence of the derived categories [BW) : 

^^+1 (r(x)) — (r(x)) — U.6XW ('^(^)) • 

Then, the twelve term exact sequence of Witt groups, due to Balmer f |Bll Corollary 6.6]), 
corresponding to this sequence, reduces two five term exact sequences (see Theorem I4.16p . 
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one of them being the following: 


W (C'M^(X)) 




0-- W-^ (V^ (CM^+^X))) 


-(C'M^+1(X))- (V^ (CM^(X))) -^0 

We point out that, contrary to the usual filtration by co-dimension of the support, in this 
article, for a scheme X we use the filtrations M^(X) C M(X) and Coh^{X) C Coh{X) 
by grade (see f|2.ip ). When X is Cohen-Macaulay, these filtrations coincide with the 
filtration by co-dimension of the support. This article is a culmination of an initiative 
f |MSll [MS^ IMll [SSl IM2( IM3] ) to place the category CM^(X) at a rightful position in the 
Algebraic X-theory, GW-theory and Witt theory of schemes X and the respective Gersten 
complexes. This category GM^(X) behaves like the category of modules of finite length 
and finite projective dimension, at co-dimension k < dimX. Significant amount of study 
of the category GM^(X) was done in |MSll IMip IM2] . 

Before we close this introduction, we comment on the lay out of this article. In ^we 
recall or prove some preliminaries that we need. The Derived Equivalence Theorem 13.71 is 
established in ^ In §4.11 we establish the implications in X-theory. We deal with GW- 
theory in §4.21 In §4.31 we discuss Derived Witt theory. In §Al we give some background 
information on GW-spectrum and GW-bispectrum. 


2 Preliminaries 

First, we set up some notations. 

Notations 2.1. Throughout this article, X will denote a quasi-projective scheme over a 
noetherian affine scheme Spec{A), with finite dimesion d := dimX. We introduce further 
notations. 

1. For X E X, denote X^ := Spec {Ox,x)- 

2. Throughout, Coh{X) will denote the category of coherent Ox-modules and X(X) 
will denote the category of all locally free sheaves on X. 

3. {Readers are referred to f |Mll Def. 3.1]) for a definition of resolving subcategories 
of abelian categories.) For a resolving subcategory £/ of an abelian category C, for 
objects X E C, dim^(X) will denote the minimum of the length of resolutions of X 
by objects in sX. 

Denote 

= {X E C : dim^(X) < oo} 
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With C = Coh{X) we denote 

M(X) := M(r(X)) = {W e Coh{X) : dim^(x)(J^) < 00} 

4. In this article, we consider hltration of Coh{X) and M(X) by grade, as opposed to 
usual hltration by co-dimension of the support. 

(a) Recall, for X G Coh{X), grade{X) := min{f : Sxt^{X,Ox) 7^ 0}. We remark 
that, if X is Cohen-Macaulay, then grade{X) = codim {Supp{X)) (see |M|). 

(b) For integers k > 0, denote 

( Coh’^iX) := Coh’^giX) := {X E Coh{X) : grade[X) > k} 

I M^(X) := := {X E M(X) : grade{X) > k} 

[ C'M^(X) := {XE M(W) : grade{X) = k = dimy(x)(W)} 

So, we have a hltration, by grade M(W) = M°(.W) D ^ ^ 3 

0. We will strictly be using this hltration by grade and the notation without the 
subscript g will be the norm. Note that is a Serre subcategory 

of M(.W) (meaning, it has the "2 out of 3" property) . Clearly, when X is 
Cohen-Macaulay, this hltration coincides with the hltration by co-dimension of 
the support. 

5. For an exact category S', Ch^{S) will denote the category of chain complexes. The 
bounded derived category of S will be denoted by V’^{S). 

6. For a complex X, E Ch^ {Coh{X)), the homologies will be denoted by "Hj (^•)- 

7. Also, for S = 'lF(X),M(X), and integers A: > 0, 

f {S) := {X, E Ch}> {S):y i dii {X,) E C'oh^(X)} 

\ {S) := {X, eV\S)-.^i (W.) e C'oh^(X)} 

would denote the full subcategory of such objects. [Note the difference between two 
fonts X, 3)f) We remark: 

(a) 'Shf ((f) is a complicial exact category (see [Si] for dehnition). In fact, (fShf (S ), 
is a complicial exact category with weak equivalences, where weak equivalences 
being the set ^ of all quasi-isomorphisms. 

(b) Also, (S) is a derived subcategory of (S). 

We recall the following lemma from |M3] . 
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Lemma 2.2. Suppose X is a quasi-projective noetherian scheme over Spec (A), with 
dimX = d. Then, X is an open subset of X := Proj{S), for some noetherian graded 
ring S = *S'o = A. 

Let Y X be a closed subset of X, with grade (Oy) > k. Let V{I) = Y be the closure 
of Y, where I is the homogeneous ideal of S, defining Y. Then, there is a sequence of 
homogeneous elements fi, ■ ■ ■, fk £ I such that , fi. induce regular sequences 

V p G F Y X, and M 1 < ii < i 2 <■■■< ij < k. In particular, 
with Z = V{fi,..., fk) n X, and we have 

1. Xn G CM*^(X). In fact, ®^^iOz © A G CM^(X) for any locally free sheaves Ci of 
rank one. 

2. Further, if Q E Coh^{X), with Y = Supp{Q) and Z as above, there is a surjective 

map X ^ Q where X := © Ox{ni), for some integers ni. Note that X G 

C'M^(X). 

Remark 2.3. In this, one had the choices of the sequence /i,..., fk, as required above. 
We may exploit this flexibility later. 

Lemma 2.4. Suppose X is a quasi-projective noetherian scheme over Spec (A), with 
dimX = d. Consider an exact sequence 

0-- ^8 - ^X --0 where J^G M^(X), £ G C'M^(X). 

Then dim>/(x)(/C) < max{fc, dmiy(^x){,X) — 1}. In fact, 
dim^(x)(J^) >k + l dim^(x)(/C) = dim^(J') - 1 . 

Proof. If dim^(x)(-^) = k then there is nothing to prove. Assume, dim^(x)(.7^) = m > 
k + 1. Arguing locally, a simple Tor-argument establishes the lemma. ■ 

Lemma 2.5. Suppose X is a quasi-projective noetherian scheme over Spec (A), with 
dimX = d. Suppose X G M*^(X)). Then, there is a resolution 

0 - - ^8n-i^^ - --To - - -0 with T, G C'M^(X). (4) 

In fact, n = (\im.y{^x){X) — k. 

Proof. By Lemma [2.21 there is a surjective map Lq \ 8q ^ X, where Tq G C'M^(X). Now, 
let = ker(clo)- If dim'^(x)(.T) > k+1, then by lemma ITTI dmiy(^x){.d^o) = dim^(x)(.T') —1. 
By repeating this process, we get an exact sequence, as in diagram lU with 8n = ker(cl„_i) 
and dim 7 /(x)(Tn) = k. Since grade{8n) > k, it follows 8n G CM^(X). The proof is 
complete. ■ 


7 















Proposition 2.6. Suppose X is a quasi-projective noetherian scheme over Spec (A), with 
dimX = d. Suppose 

0-^/C--^0 be exact in M^(X) 

Then, 

1. First, 

}c,g e C'M^(X) ^ X e CM^(X) 

2. Then, 

J^,g e C'M^(X) ^ /C e C'M^(X) 

Proof. The proof follows by routine chasing the long exact sequence of the modules. 


Corollary 2.7. Let X he a quasi-projective scheme over an affine scheme Spec (A). Then, 
C'M^(X) C Coh^{X) is a resolving subcategory. Further, 

M'=(X) = {X e Coh\X) : dimcMfc(j^)(X) < oo} 

Proof. Let G G Coh^{X) be an object. By Lemma 12.21 there is a surjective morphism 
jF ^ g with T G CM*^(X). Now it follows from Lemma I2T] that CM^(X) is a resolving 
subcategory of Coh^{X). 

Now, suppose X G M^(X). By Lemma [121 dimc-Mfc(x)('^) < oo- Conversely, suppose 
X G Coh^{X) and dim( 7 M[fc(x)(X) < oo. In particular, dim^(x)(X) < oo. So, X G M(X) 
and hence X G M^(X). The proof is complete. ■ 

2.1 Some further preparation 

In this subsection, we gather some preparatory information that will be used more directly 
in the proof of the main theorems. Among them, the following lemma would be of some 
interest to us. 

Proposition 2.8. Suppose sX is a resolving subcategory of an abelian category ^. Suppose 
0 -^ Gn —^ Gn-l ^ -- Gl r. > Go „ > G —^ 0 

On On-\ 0\ Oq 

is an exact sequence in and f : X ^ G is a morphism in 'X’. Assume dim^(X) < cxo 
and every sX-resolution of X terminates. Then, there is a complex 8, G Chf{sX) such that 


1. 8i = t)\/ i<-l. 
















2. 8, is a resolution of IF. 

3. There is a morphism /, : 8, —)■ Q, of complexes, such that ?{o(/») = /■ 


Proof. Consider the diagram 


8o 


d 


F 

f 


Go^G 


where F is the pullback, 8o & ^ and h is a surjective map. Note that all horizontal 

arrows are surjective. Let do : be the composition. Now, we use induction. 

Suppose, 8m and fm'-8m^ Gm were defined. Consider the diagram: 


8 


m+1 


r. 


’m+l r, 

Ui 


B 


'm+l 


£ 


■ 8m—1 


fm 

Gm Q ^ Gm—l 


where B = ker(5m) and Z = ker(dr), F^ is the pullback, 8m+i £ and e is a surjective 
map. Now, let dm+i '■ 8m+i —> 8m and fm+i ■ 8m+i —>■ Gm+i be the respective com¬ 
positions. Since every resolution of F terminates, this process terminates, at least when 
m ^ n. The proof is complete. ■. 


Corollary 2.9. Suppose X is a quasi-projective noetherian scheme over an affine scheme 
Spec {A), with dimX = d. Consider the diagram 


F 


f 


0 -^ Gn -^ Gn-1 -^-^ Gl -^ Go —^ G —^ 0 

where F G M^(X) and the second line is an exact sequence in Coh^{X). Then, 


1. There is complex 8, G Ch^{CMA{X)), with Tj = 0 V i < —1, 

2. 8, is a resolution of F, 

3. there is a morphism /, : 8, —> Gm of complexes, such that 'Ho{f,) = f. 

Proof. Note by Lemma [2.41 every CM^(X)-resolution of F terminates. Now, the proof is 
complete by Proposition 12.81 ■ 

The following version of ( |M31 Lemma 3.3]) would be more precise for our purpose. 


9 































Lemma 2.10. Let ^ be an abelian category and be an exact subcategory, such that 
all epimorphisms in are admissible. Let be two objects in Assume 

(1) = 0 Vr < —1, (2) LLriG,) = 0 Vr > 0. Then, Morj)b(^^'^{J^,,Q,) = 0, if 

ker (^0 S-i) G .(s/. This would be the case in the following situations (1) G, is concen¬ 
trated at a single degree hq < —1, (2) V i < —1, TLi {Q,) G £/, or (3) has the 2 out of 
3 property. 

Proof. Let p, : if, —> Q, be a morphism. We can assume, p, is a map of complexes 
(denominator free). Further, by replacing by a quasi-isomorphic complex, we assume iFi = 
0 y i < —1. Dehne the subcomplex G', G, by setting Gl = Gi ^ i > 1, Gq = ker(^o —^ 
G-i) and ^' = 0 V i < —1. Note that G', is a complex in Ch^{s^) and is exact. Hence, 
= 0 in Since, p, factors through p, = 0. The proof is complete. ■ 

The following special case of the faithfulness property is a variation of the same in 

[HHlEs]. 

Lemma 2.11. Let be an abelian category and ^ SS is two exact subcategories of^, 
such that all epimorphisms in are admissible. Let <F : {s^) —;• T)^ (AS) denote the 

induced functor of the bounded derived categories. Suppose /, ; if, —> G» is a morphism 
in such that (a) = 0 V i < uq — 1, (b) Gi = ^ ^ i ^ uq, and (c) $ (/,) = 0 

in Then, f, = 0in 

Proof. First, write /, = g,t~^ where t, is a quasi-isomorphism and g, is a chain complex 
map. By usual arguments, we can assume that /, = g, is a chain complex map and Uq = 0. 
So, y i < —1, = 0 and y i ^ 0 Gi = 0. Since, all epimorphisms in are admissible, 

we can assume V i < —1, = 0. 

Since, <h(/.) = 0, it follows Ho (/.) = 0 : Ho (J^,) — Go- With p : Ho — Ho{H,), we 
have fo = Ho{f,)p = 0. Hence /, = 0. The proof is complete. ■ 

For the convenience of the readers we include the following well known lemma. 

Lemma 2.12. Suppose H is a triangulated category and jr ^ - g ^ ^ A 

an exact triangle. Then, f = 0 if and only if t splits. 


3 The Equivalence Theorems 

In this section we state and prove the main equivalence theorems. 

Theorem 3.1. Let X be a noetherian guasi-projective scheme over an affine scheme 
Spec (H) and A; > 0 6e a fixed integer. Consider the inclusion functor C'M*^(X) M^(X) 

and let 

C : (C'M^(X)) ^ (M'^(X)) denote the induced functor 
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of the derived categories. Then ( is an equivalence of derived categories. 


We will split this proof in to three propositions as follows. Before that, we introduce 
the following dehnition for subsequent reference. 

Definition 3.2. Suppose X is a noetherian scheme. For a complex X, G Chf{Coh[X)), 
we say that width{iF,) < r, if'Hi{X,) = 0 unless n > i > n — r, for some integer n. 

Proposition 3.3. Let X be a noetherian quasi-projective scheme as in US. ill and k > 0 be 
a fixed integer. Then the functor is full. 

Proof. Suppose X,, Q, are two complexes in Ch^ (C'M^(X)). We will prove that the map 

c : Mor^:)b^^cMk{x)) G») -t MorJ)b^y^k^^x)) G») is surjective. 

Without loss of generality, we assume that Vi < —ITii (X,) = TLi {Q,) = 0. Since, 
CM^(X) is a resolving subcategory, using the usual arguments we can assume that V i < 
— 1 Xi = Qi = 0. Now, suppose /, : —> Q, is a morphism in 'D^(M^(X)). We will prove 
that /, is in the image of (. We will prove this by induction on r := width{X, © Q,). 

Let r = 0. We have, /, = g,t~^ : ^ w, > ■ g, , where W, is in V’’{M^{X)) and 

t, is a quasi-isomorphism. By same argument, we assume Vi<—1, Wi = 0. By Corollary 
12.91 there is a quasi-isomorphism e, : S, —> W,, where S, G Ch^ (C'M^(X)). Therefore, 

/ = = C ((^.e.) 

Now suppose r > 0 and width{X, © Q,) = r. As before, we have Xi = Qi = 0 for all 
i < —1. Further, assume that either TLq^X,) 7 ^ 0 or TCq^Q,) 7 ^ 0. As before, /, : X, —;■ Q, 
is a morphism in P^(M^(X)). By fl2.7p . there are objects G C'M^(X) and surjective 
morphisms £ Xq, C Qq. Let £, denote the complex with £q = £ and = 0 V i 7 ^ 0 
and likewise, let C, denote the complex defined by £, concentrated at degree zero. Let 
V : £, —)■ X,, jj. \ C, —)■ g, denote the obvious morphisms. Then, 


1. Note 'Ho{£,) = £ and 'Ho{C,) = C. 

2. By replacing C, by £, © C,, we can further assume that the diagram 


^— ^x. 


<p 

c. 


V 


f 

g. 


commutes. 


(5) 


Embed p, u in exact triangles and obtain the vertical morphism of exact triangles: 


T-^A. 

T-W, 


1^0 


■£. 


X, 




A. 


Vo 


C. 


G. 


VI 


r. 


( 6 ) 
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where the two horizontal exact triangles are in Ch^{CM’^{X)) and the vertical morphisms 
are in D^(M^(X)). Since width{A, © F.) < r — 1 and width{£, © £,) = 0, the induction 
hypotheses applies to rj, ip. So, there are morphisms fj : A, —)■ F,, p : S, —)■ C, in 
'D^(CM^(A)) such that ({fj) = rj, ({<p) = p {in fact, by construction, (p = p). This gives 
the following commutative (as clarified below) diagram: 


T-i A. ^ ^ A. 

I 



1 

1 9 


Y 


T-ip __s-F 

• MO * fJ. /II • 


in V\CM\X)). 


(7) 


Since the image of the left square in P^(M^(A)) commutes, it follows from Lemma [2.111 
that the left square commutes in (C'M^(A)). Therefore, by properties of triangu¬ 
lated categories, there is a morphism g in D^(C'M^(A)), making the diagram commute in 
(CM^(X)). Apply C fo (Cl) and compare with ([6]). With h = f — ({g) we obtain the 
commutative diagram 


T-iA. £, X. A. 


0 

P' 

/ 

/ 

/ ^ 

/ e 


' A 

r > 1 


‘MO M Ml • 


in T>^(M''(A)), 


where /3' and e are given by weak kernel and weak cokernel properties. Consider the case 
'Ho{X,) = 0. Then, by lemma I^TTUl Mor{X„ C,) = 0. Therefore, (3' = 0. Hence h = 0 and 
/ = Cid)- So, it is established, whenever 'Hq{X,) = 0 and width{X, © G,) < r, then 


Morjyb^cmHx)) (-^., G,) Afor256(Mfc(x)) {J^; 0.) is surjective. 

This fact will be exploited in the next step. Now, assume 'Ho{X,) ^ 0. It follows, 
width{A, © G,) < r and 'Ho{A,) = 0. Therefore, the map 

Morj)b^CM>=(x)){^;d») MorjybQak^x)){^„G,) is surjective. Hence, C(e) = e for some e G 
Afor^t.(CMAx))(A„^,)- So, h = C{e)ui = ({eui) is in the image of Mor^i,(c'MAx))(-7'., ^.)- 
Hence, so is / = ({g) + h. The proof is complete. ■ 

The following establishes faithfulness of (. 


Proposition 3.4. Let X be a noetherian quasi-projective scheme as in lid.l]) and k > 0 be 
a fixed integer. Then, the functor ( : (C'M^(X)) —;■ (M^(A)) is faithful. 

Proof. Let /, : X, —;■ G» be a morphism in (CM^(X)) such that C(/») = 0. We need 
to prove that /, = 0 in (C'M^(A)). Without loss of any generality, we can assume that 
/, is in Ch^(CM^(X)). Embed /, is an exact triangle 

T-^A,^-^^^A. in T>^(C'M^(A)) 


Under (, this triangle maps to T~^A, ——^ X, —^ G, —^ A, in T>^(M^(X)). Therefore, 
by Lemma r2.12l there is a spilt g : X, —> T“^A,, in T>^(M^(X)), of g. So, gg = Ij-. in 
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P^(M^(X)). Since ( is full (13.3p . we can assume that rj is in V^{CM.^{X)). Now, embed 
gr] in a triangle: 

--r.-in V\CU\X)) 

This triangle maps to X, = X, -^ T,- ^TX, in (D^(M^(X)). Therefore, T, = 0 in 

P^(M^(X)). That means, T, is exact, as a complex. Hence, T, = 0 in V^{C'M^{X)). So, 
gr] is an isomorphism in P^(CM^(X)). Therefore g{g{gg)~^) = 1 and hence g{gg)~^ is a 
split of g in V^{CWl’^{X)). Therefore, by Lemma [2.121 /, = 0 in (D^(CM^(X)). The proof 
is complete. ■ 

The third of the three part proof of Theorem 13.11 would be the following proposition 
on essential surjectivity of (. 


Proposition 3.5. Let X be a noetherian quasi-projective scheme as in l[3.1\} and k > 0 
be a fixed integer. Then, the functor ( : T>^ (CM^(X)) —> T>^ (M^(X)) is essentially 
surjective. 


Proof. Let X, G (M^(X)) be an object. We will prove that there is a complex X, G 
P^(CM^(X)) such that X, = C induction on r := width (X,). As 

usual, we can assume that W i < —1 Xi = 0 and TLo (X,) 7 ^ 0. 

Suppose r = 0. In this case, V z 7 ^ 0 * (X,) = 0. It follows that 7-1.0 ^ M^(X). 

In fact, X, is quasi-isomorphic to the complex, concentrated at degree zero, dehned by 
^0 (‘^•)- Now, it follows from Lemma 12.51 that such a complex is quasi-isomorphic to a 
complex £, G CM^(X). This settles the base case, r = 0. 

Now, assume r > 1. By (12.7p . there is an epimorphism £ ^ Xo, with £ G C'M^(X). 
Let £, denote the complex with £0 = £ and = 0 V z 7 ^ 0 and let v ; £, —)■ X, denote 
the obvious map. Then, 7-Loiy) ; 7-io{£,) -» 7-Lo{X,) is surjective. 


Embed z/ in an exact triangle in (D^(M^(X)); T“^A, > £, — X, —^ A,. It fol¬ 

lows from the long exact sequence of the homologies 


nfix,) 


0 z/ z < 0 
HfiX,) z/z>2 


and 0- ^7-Li{X,) -^'Hi(A,)- ^7Lo{£») - ^7-Lo{X,) -^0 is exact. 

Therefore, width{A,) < r — 1. By induction, there is a complex A, G 'D^(CM^(X)) 
such that C(^») — Since ( is full (13.3j) . there is a morphism go '■ T~^A, —)■ £, in 
P^(CM^(X)) such that C(ho) = ^o- Now, embed go in nn exact triangle in 'D^(CM^(X)): 

T-i A. £, ^ U, — A. . 

Now apply (j to this triangle and complete the diagram; 

T-i A. £, X, -A. 

I 

i\ in T>^(M''(X). 
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The isomorphism e G P^(M^(X) is obtained by properties of triangulated categories. This 
completes the proof of the proposition. ■ 


Finally, we are ready to formally complete the proof of Theorem 13.11 


The proof of Theorem 13.11 The proof is complete by Propositions 13.3113.41 and 13.51 ■ 
Using the same proof as above we obtain the following. 

Theorem 3.6. Let X be a noetherian quasi-projective scheme as in 113.1\} and k > 0 
be a fixed integer. Consider the inclusion functor —)■ M^(X). Then, the induced 

functor fi : T>^ —> T>^ (M^(X)) is fully faithful. Consequently, so is the functor 

pb (CM^+^X)) —> (M^(X)). 


Proof. The proof of fullness and faithfulness of fi are, respectively, are similar to that 
of Propositions 13.31 and 13.41 The second statement follows from the former, because the 
functor C ; (CM^+^(X)) (M^+^(X)) is an equivalence, by Theorem 13.11 The 

proof is complete. ■ 

Combining the results in |M3] . we summarize the results as follows. 


Theorem 3.7. Let X be a noetherian quasi-projective scheme as in LS. ij) and k > 0 be a 
fixed integer. Consider the commutative diagram of functors of derived categories: 


V\CM^+^{X))^^V\M'^+^{X)) ^^+i((M(X)) ^4^ ^^+\y{X)) 


V\CM^{X)) 


T>^(M^(X)) 




( 8 ) 


Then, all the horizontal functors are equivalences of derived categories and all the vertical 
functors are fully faithful. 

Proof. The equivalences of the horizontal functors follows from Theorem 13.11 and the 
results in |M3| Theorem 3.2]. It also follows from Theorem I3.6l that fi is fully faithful. This 
completes the proof. ■ 


4 Implications in K-theory and others 

In this section we discuss the implications of the equivalence Theorem 13.71 We will not 
repeat the prelude we provided in the introduction. First, we consider the consequences 
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in i^-theory. Our standard reference for i^-theory would be |Slj and we freely use the 
definitions and notations from |S1| . However, for an exact category (o’ or a complicial exact 
category S with weak equivalences, ]K((^) will denote the K-theory spectra of S and Kj((^) 
will denote the K-groups. Likewise, K((^) would denote the K-theory space of S. First, 
we recall a notation and a lemma. For a noetherian scheme X, denote 

g ^ (y) = k} and recall := Spec {Ox,x) ■ 

We recall the following well known result that follows from |B2l IBW] . 

Lemma 4.1. Suppose X is a noetherian quasi-projective scheme over an affine scheme 
Spec (H) and k>t) is an integer. Then, the sequence of derived categories 

(■r(A')) —► L1 .£x(« p'- (■r'(A'j) 
is exact up to factor. If X is regular, this sequence is exact. 


4.1 iC-theory 

The following is the main application of fl3.7p to K-theory. 

Theorem 4.2. Suppose X is a noetherian quasi-projective scheme over an affine scheme 
Spec (4) and k > 0 is an integer. Consider the diagram offiK-theory spectra and maps: 

K(CM^+HX)) K(C'M^(X)) K (C-M^ (X,)) 

I I ^ I 

K (M(X)), -- K (M(X)), -- Ux&xw (M (X,,)), 

; ; <i> i 

K (r(X)), -- K (X(X)), -- UxGxW (^-)) ’ 

Then,the vertical maps are homotopy equivalences of K-theory spectra. Further, if X is 
Cohen-Macaulay, then the second line and the third line are homotopy fibrations of K- 
theory spectra. 

Proof. Here the middle upward arrow <F : K (X(X), cS)) —?• 'K(f^h’^ (M{X), 
is induced by the functor d : {Y{X), ^)) —)■ (M(X), .S)) of complicial exact 

categories with weak equivalences. By fl3.7p . d induces an equivalence of the associated 
triangulated categories. Therefore, by ( |Sll 3.2.29]) <F is a homotopy equivalence. Likewise, 
other two upward arrows are homotopy equivalences. 
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The middle downward arrow T is a composition of three maps, as follows: 


'I' C' 

(M(X),^)) (M^(X),^)) 

Now, (' and l' are induced by the corresponding functors of complicial exact categories, 
with weak equivalences. Again, by f |Sll 3.2.29]) in conjunction with Theorem 13.71 C,' and d 
are homotopy equivalences. Now, T' is a homotopy equivalence by the agreement theorem 
(SH 3.2.30]. Hence, so is T. 

It remains to show that, when X is Cohen-Macaulay, the third line is a homotopy 
hbrations of K-theory spectra. To do this, consider sequence of complicial exact categories 
with weak equivalences (not necessarily exact): 

(r(x )). s) — («■(,* (r(x)), £>) —!].««(-^(W)). (9) 

By fl4.ip . the corresponding sequence of the derived categories is exact up to factor. There¬ 
fore, by an application of the non-connective version of the Thomason-Waldhausen lo¬ 
calization theorem (see |S11 3.2.27]) the third line in the statement of the theorem is a 
homotopy hbration of K-theory spectra. The proof is complete. ■ 

The following is an immediate consequence of fl4.2p . 

Corollary 4.3. Let X and k he as in Theorem \4^.S\ Assume X is Cohen-Macaulay. Then, 
for any integer n, there is an exact sequence ofK-groups, 

- {CM’^+\X)) --K, (C'M^(X))-(M"(X,)) 

-- (CM^+HX))-- ■ ■ ■ 

Proof. Follows from Theorem 14.21 The proof is complete. ■ 

Remark 4.4. If X is regular, statements exactly similar to Theorem 14.21 and Corollary 
14.31 respectively, for K-theory spaces and groups, would be valid. Regularity was used to 
apply the connective version of Thomason-Waldhausen Localization theorem f |Sll 3.2.23]), 
which requires that the corresponding sequence of derived categories is exact. 

Remark 4.5. Let X be as in Theorem 14.21 Assume X is Cohen-Macaulay. The following 
are some remarks. 
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1. The usual diagram to compute the Gersten complex, reduces to 


(GM"(X))-(GM"(XJ)-(GM^+^X)) 

(GM^-HX)) ©,g^(r+i)K,,_i (GM"+i(X,)) 

The dotted diagonal arrows form the Gerstner complexes. This provides further 
insight regarding the Gersten complexes in terms of the groups ]K„ (GM*'(X)). The 
complex is analogous to the G-theoretic Gerstner complex in ((^ Proposition 5.8]). 

These are clearly non-isomorphic. 

2. The spectral sequence given in |B3] takes the following form; 

0 K_p_,(GM^’(X,)) ^ K_„(r(X)) along p + q = n. 

xGXM 


(GM^+2(X)) 


4.2 Grothendieck-Witt theory 

In this section, we develop a counter part of the results on X-theory (14.2p , for Grothendieck- 
Witt theory. First, incorporating duality to the Theorem 13.71 we obtain the following. 

Proposition 4.6. Let X be a noetherian quasi-projective scheme, over an affine scheme 
Spec (4), and k > 0 be an integer. Then, there is a duality preserving equivalence 
(GM^(X)) — )■ ((X(X)) of the derived categories, where the duality on 

(GM^(X)) is induced by Sxt^ (—, Ox) and that on [ffiV (X)) is := ffiTLom (—, Ox)- 

Proof. It is a standard fact that there is a functor M(X) —;■ ('X(X)), by resolution 

(e.g. see IMD 3.3]). The restriction to this functor to GM*'(X) extends to a functor 
(GM^(X)) ^^((X(X)). It turns out that this functor represents the composite 

functor in (13.7p . Hence the functor is an equivalence. The routine checking establishes 
that this functor preserves the duality, as required. The proof is complete. ■ 

For clarity, we point out technical differences in the literature between the basis of 
X-theory, derived Witt theory and Grothendieck Witt theory. Recall that X-theory is 
available for complicial exact categories with weak equivalences |S11 ITTl IW] and derived 
Witt theory was dehned for triangulated categories with duality (El. However, in (S3], the 
Grothendieck Witt theory [GW) were developed for dg categories with weak equivalences 
and duality. Further, note that GIF-theory of dg categories encompasses Witt theory 
|S31 Proposition 6.3]. As was pointed out in the introduction, X-theory is invariant of 
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equivalences of the associated triangulated categories, and when 2 is invertible, so are GW- 
theory and Witt theory. The primary reason why we cannot directly imitate the methods 
in it'-theory f ^4.ip . for Grothendieck Witt theory is that the dg category '^h.*^(M(X)) 
does not have a natural duality structure. The remedy for this is obtained by embedding 
‘^h^(M.(X)) in the dg category of Prefect complexes. Following are some notations and 
background. 

Notations 4.7. We establish some background as follows. Let X denote a noetherian 
scheme. 

1. We will donate the category of quasi-coherent (Px-modules by QCoh{X). Also, 
Ch{QCoh{X)) will denoted the category of chain complexes of objects in QCoh{X) 
and V{QCoh{X)) will donated its derived category (see [STl A.3.2]). 

2. Recall, that a complex X, G Ch{QCoh{X)) is called perfect complex, if for all x G X, 

there is an affine open neighborhood U and a quasi-isomorphism £, (X,)|f/, for 

some £, G Ch’^iY {U)). This is equivalent to saying £, isomorphic to {X,)\u in the 
derived category V{QCoh{X)) (see |TT1 Lemma 2.2.9]). 

3. Denote the category of perfect complexes of Ox-modules by Perf{X). For a closed 

subscheme Z, Perfz{X) will denote the subcategory of complexes Q, G Perf{X), 
such that Supp C Z. The corresponding derived categories would be, re¬ 

spectively, denoted by V{Perf{X)) and V{Perfz{X)). 

4. In analogy to notations I2.1fl7|) . for integers k > 0, 

I ^erf{X) ■= {X, G PerfiX) - ^ iUi (X.) G Coh^{X)] 

\ PerfiX) := {X, G V\PerfiX)) (X,) G C'oh^(X)} 

would denote the full subcategory, of the respective categories, of such objects. Note, 
^^PerfiX) is the derived category of ^erf^iX). 

5. To avoid confusion, we will use prefix dg to denote the respective dg categories. So, 
dgPer fix) would denote the dg category whose objects are same as that of PerfiX). 
Likewise, dgXiX), dg^XiX), dgCM^iX) will, respectively, denote the dg cate¬ 
gories whose objects are, respectively, the same as that of Ch^iXiX)), ^h^iXiX)), 
Ch\CM\X)). 

6. Throughout, we fix a minimal injective resolution /, of Ox, as follows: 

0- Ox -^ Iq -^ ^ J _2 ---. Clearly, I, G PerfiX). 
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For T, G Perf{X), denote := 'Hom{P,, I,). For properties of such minimal 
resolutions and the nature of arguments, the readers are referred to [BH| and [G] . 

The following addresses the duality aspect of dgPerf{X). 


Lemma 4.8. Let X be a noetherian scheme. Let J, he as in Notation ^.1 Then, the 
association P, i—)■ endows {dgPerf{X), with a structure of a dg category with weak 

equivalences and duality, weak equivalences being the set of all quasi-isomorphism 


Proof. Consider Ox as a complex, concentrated at degree zero. Since Ox —)■ /, is a 
quasi-isomorphism, /, G Perf{X) . Let P, G Perf{X). So, there is an affine open subset 
U and a quasi-isomorphism S, for some £, G ChfiP{U)). Then, 

In V{QCoh{X)), 'Hom{£.,Ou)^^Hom{8., (1,)^^) ^^nom{{P,)p, 

Since 'Hom{S,, Ou) G Ch’^{P{U)), it follows, Pf G Perf{X). Also, for P, G Perf{X), we 
check, P, —)■ Pf'^ is a quasi-isomorphism. As above, let U be affine and £, —?■ {P»)\u be 
a quasi-isomorphism, where £, G Chf{P{X)). Since, the question is local, we can assume 
that X = U. Consider the diagram 

£, -s- "Horn {Tiom {£, Ou ), Ou) 

P, -- Pf^ 


Since, two vertical arrows and the top horizontal arrows are quasi-isomorphisms, so is 
the bottom horizontal arrow. Now, we show if f, : P, Q, is a quasi-isomorphism in 
Perf{X), so is f'f '■ Qf ^ P'f ■ Using similar arguments as above, we can assume that X 
is affine and / is map in Ch^{P (X)), in which case the assertion is well known. The proof 
is complete. ■ 

The following proposition on derived equivalences is derived from results in [TT] . 


Proposition 4.9. Let X be noetherian separated scheme, with an ample family of line 
bundles and k > 0 be an integer. Let J, he as in Notation f.l Then, 3>^{P{X)) —)• 
S!^Perf{X) is an equivalence of derived categories. 


Proof. We have P^{P{X)) —)■ V{Perf{X)) is an equivalence of derived categories f |TTl 
Lemma 3.8], |Sll Prop. 3.4.8]). Since -G V\y{X)) and ^^Perf{X) -G 

P{Perf{X)) are full subcategories, the assertion follows. ■ 


Of our particular interest would be the following equivalences of derived categories. 


Proposition 4.10. Suppose X is a quasi-projective scheme over an affine scheme Spec (A) 
and k > 0 is an integer. Then, 
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1. The inclusion functor dg^{Y{X) ^ dgVerf^{X) is a duality preserving form func¬ 
tor (see |S3l 1.12, 1.7], for definition), of pointed dg categories with weak equiva¬ 
lences and dualities, such that the associated functor of the triangulated categories 
Sr {dg^r{X)) ^ Sr {dgVerf (X)) is an equivalence. 

2. The inclusion functor dgCM.’^{X) [dgPerf^[Xf) is a duality preserving form 

functor, of pointed dg categories with weak equivalences and dualities, where T denotes 
the shift. Further, the associated functor of the triangulated categories 
^{dgCM!^{X)) ST (T^ [dgPerf^{X))) is an equivalence. 

Proof. Since ST {dg^{Y{X)) = 3i^{'f'{X)) and ST {dgVerf^{X)) = 3i^{Perf{X)), the 
latter part of ([T]) follows immediately from Proposition 14.91 The duality compatibility 
transformation is the obvious map 'Hom{P,, Ox) —^ 'Hom{P,, /,), which is a weak equiva¬ 
lence. This establishes (TT]) . 

To prove (j2]), note that the duality on dgCM.^{X) is induced by the duality Sxt^ (—, Ox)- 
For P, G dg{CM’^{X)), let denote its dual. Note, ST {dgCM’^{X)) = (C'M^(X)) and 

ST [dgVerf’^{X)) = T^^^ (Per/^(X)). Now, it follows from ([1]) and Proposition 14.61 that 
TP{dgCMS{X)) —)■ TP (T^ [dgPerf’^{X))) is an equivalence. For an object P G C'M^(X), 
due to grade consideration it follows that V j < fc — 1, Tiamifp,lf) = 0 (see [BHl Prop. 
3.2.9], [Gl Theorem 1.15]). Therefore, for a complex J-, G dgCM.’^{X), we have a bounded 
double complex: 


0 0 0 

Sxt'^ {Pn+l, Ox) -^ £xt^ {Pn, Ox) -^ Sxt^ (Pn-1, Ox) ' 

TLom {Pn+u I-k) -^ TLom (Pk, /_fc)-^ TLom^ {Pn-u I-k) 


TLom (^P ^ TLom {^Pn, I —(k+i)) 


TLom’^ {Pn-i, I-(k+i)) 


In this double complex, the vertical lines are exact. This gives a natural transformation 
(f -. P, ^ TLom [P,, I,) =: P'f , which is a weak equivalence. Now, it follows that (p 
dehnes a duality preserving transformation dgCWi^[X) —)■ (dgPer f^{X)'). The proof is 
complete. ■ 

The following useful diagram is analogous to the diagram in the Equivalence Theorem 
13.71 in the context of dg categories with weak equivalences and dualities. 
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Corollary 4.11. Suppose X is a quasi-projective scheme over an affine scheme Spec {A), 
and k >0,r are integers. Consider the diagram 


T-^dgCM^+\X) - ^T^^dgVerf^+^X)^ - dg’^+^Y {X) 

1 ^^ 0 ) 

dgCM’^iX) -^ T^dgVerf^{X) ^- T'^dg’^y{X) 

In this diagram, all the arrow are form functors of dg categories with weak equivalence. 
Further, the horizontal arrows induce equivalences of the associated triangulated categories 
and the right hand square commutes. Note that there is no natural vertical functor on the 
left side. 


Proof. Follows from Proposition 14.101 ■ 

Now we have the machinery to state our results on GhF-theory. For further background 
information regarding the definitions of GW-spectrum and GhF-spectrum the readers are 
referred to Section El oe |S3| . 


Theorem 4.12. Suppose X is a quasi-pro jective scheme over an affine scheme Spec (A), 
with 1/2 G A and k > 0,r are integers. In the following, weak equivalences and dualities 
in the respective categories would be as in Ihf.lOi ). Then, the maps in the following zig-zag 
sequences 


GWM {dgCM’^{X)) —(d^Per/^(X)) GWl^+'l {dg^y{X)) 


in Sp 


GIFM {dgCM^{X)) —^ {dgPerf^{X)) {dg^{X{X)) in BiSp 

are stable homotopy equivalences in the respective categories. 

Proof. Follows directly from Proposition 14.101 and |S3l Theorem 6.5], |S3l Theorem 8.9]. 
The proof is complete. ■ 

Theorem 4.13. Suppose X, k,r are as in ^.12\ ). Assume further that X is a Cohen- 
Macaulay scheme. Consider the following diagram of GW -spetra: 

(d^C'M^+i(X)) GiyM {dgCM'^iX)) UxgxW {dgCM^ (X^)) 
GlFl^+d {dgPerf’^+\X)) GW^^^ {dgPerfX)) G1T[^+’’1 {dgPerf{X,,)) 

GlFl^+’-l {dg’‘+^y{X)) --GPF[^+"1 {dg^y{X)) -- UxgxW ^1X1'=+"] {dg^y{X^)) 
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In this diagram, all the vertical arrows are equivalence of homotopy Bispectra and the 
bottom sequence is a homotopy fibration of bispectra. Further, if X is regular then the 
corresponding statement for GW -spectra would be valid. 


Proof. It follows directly from Theorem 14.121 that the vertical rows are equivalences. It 
remains to show that the bottom row is a hbration. This follows from the localization 
theorem |S31 Thm 8.10] and Lemma [4.11 When X is regular, use the localization theorem 
|S31 Thm 6.6]. The proof is complete. ■ 

Remark 4.14. The following are some remarks: 

1. As in Corollary 14.31 each shift r, corresponding to the hber sequence in Theorem 
14.131 an exact sequence of GIT-groups would follow. Likewise, analogous to Remark 
14.51 for each shift r, a spectral sequence GlT-groups would follow. 

2. For a scheme X and a rank one locally free sheaf £, 'Hom{—, C) induces a duality 
on Y^X). All off the above would be valid, with dualities induced by 'Hom{ — ,C), 
instead of 'Hom{—, Ox)- 

3. For an exact category S’ with duality, Schlichting |S4) dehned Grothendieck-Witt 
space GIV(S). By Agreement theorem [54l Proposition 6] and [5^ Proposition 5,6], 
with X as in fl4.12p and integers A: > 0 we haveGIF(C'M^(X)) is naturally equivalent 
to the inhnite look space G°°GW((i 5 fC'M^(X)). 

4.3 Derived Witt Theory 

In this subsection we comment on Witt theory. The following follows immediately. 

Theorem 4.15. Let X, A and k be as in (CT - Assume 1/2 G A. Then, the maps of the 
shifted Witt groups W’’ (V^ (GM^(X))) —)■ {{Y{X))) are isomorphisms, for all 

r G Z. In particular, the maps 

I W (CM^(X)) IT^+4" ((Y(X))) 

\ W- (C'M^(X)) ^ ((X(X))) 

are isomorphisms, for all r G Z. 

Proof. The hrst isomorphism follows from (I4.6p and |B11 Theorem 6.2], because the quo¬ 
tient category would be trivial. By |BW1 Theorem 1.4], W (C'M*^(X)) = W^’’’ {V^ 
and W~ (C'M^(X)) = (GM^(X))). By combining these, with the hrst isomor¬ 
phism, the latter two isomorphisms are established. ■ 
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Due to non-availability of Thomason-Waldhausen |S11 3.2.27] type of localization theo¬ 
rems in derived Witt theory, for the statement of the following theorem, we would assume 
that X is a regular. 


Theorem 4.16. Let X he a quasi-projective regular scheme; over an affine scheme Spec (A), 
with 1/2 G A, and k > 0 be an integer. In this case, the sequence in Lemma \4.1\ is exact. 
Now, the twelve term exact sequence in |B11 Corollary 6.6], corresponding to the same exact 
sequence reduces to two five term exact sequences of Witt groups as follows: 


0-- W-i {V^ (CM^+i(X))) 


W{CM^{X)) 




W (CM^+\X)) -- (V^ (C'M'=(X))) 


0 


-- (CM^+\X)) -- W (C'M^(X))-(M^(X,,)) 

-^ W- (CM^+\X)} -^ (V^ (C'M^(X)))-^ 0 

Proof. Write down the twelve term exact sequence ((HU Corollary 6.6]) of Witt groups, 
corresponding exact sequence of triangulated categories above. The zero term in the second 
row corresponds to = 0 by |BWj . Likewise, the first and the last zero 

are established. The rest follows by identifying the other terms by Corollary 14.151 ■ 


A Background on GW-Spectrum and (GVk-Bispectrum 

In this section, we include the some background information on GW-spectrum and GW- 
bispectrum. In fact this is an overview from our primary source |S3| on the same. Readers 
reluctant to deal with language of model categories may like to refer directly to formulas 

mM 

Recall that for exact categories S and also for complicial exact categories § with weak 
equivalences the K-theory spaces K(^) were defined as pointed topological spaces. Further, 
the K-theory spectra K(<^) were defined as D-spectra of topological spaces, which is a 
sequence of pointed topological spaces, with bonding maps (see (STl §A.1.8]). Likewise, for 
a pointed dg category with weak equivalences and duality two invariants are defined in 
GIT-theory, in [SSj, as follows. 

Definition A.l. For a dg category sA with weak equivalences and duality, the Grothendieck- 
Witt spectrum GW(.g/) takes value in the the category of symmetric spectra of pointed 
topological spaces. We only give some outlines of the definitions of symmetric spectrum 
(see [5^ §BT] for details) and of GW(.g/) as follows. 
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1. Let S denote the category, whose objects are n := {1, 2,..., n}, 0 = 0. The mor- 
phisms are: \/ m ^ n Mor{m,n) = 0 and V n Mor{n,n) =• is the group of 
permutations elements in n- 

The category of pointed topological spaces is denoted by Top^. The smash product 
A provides the category Top^ a structure of a symmetric monoidal category. Also, 
denote := {0,1}, and denotes the circle obtained by identifying 0 ~ 1 in the 
unit interval [0,1]. For n G N, denote S'" = A • • • A S^, the n-fold smash product. 

2. A symmetric spectrum is a functor S —>■ Top^ form S to the category Top^, together 
with base point preserving maps V n, m G N Cn^m '■ S'" A Xm — >■ X^+m) to be called 
the bonding maps, with further compatibility conditions. Therefore, a symmetric 
spectrum is a sequence X := {Xq, Xi, X 2 ,...} of pointed topological spaces such 
that (1) V n G N, there is a continuous base point preserving left action of on 
Xn, and (2) for n, m G M, there are pointed continuous x S^-equivariant maps 
en,m ■ S'" A Xm Xn+m with natural compatibility conditions. 

The category of symmetric spectrum is denoted by Sp. The smash product A of 
pointed topological spaces extends to a smash product on Sp, denoted by the same 
notation A. Further, four different model structures on Sp is discussed in [S^ §B.2.], 
namely, the (positive) projective level model structure and (positive) projective stable 
model structure. Two stable model structures on Sp have same weak equivalences 
and hence same homotopy category, to be called the stable homotopy category. 

For X, y G Sp, let [X, F] denote the set of all morphisms X ^ X in the stable 
homotopy category. Dehne the homotopy groups of X as 

7r„(X) := [A",X] 

Our interest, with respect to GhF-theory, would remain limited to the case when the 
spectrum is a (positive) O-spectrum, meaning that the bonding maps X„ —)■ OX^+i 
are weak equivalences of pointed topological spaces. In this case (see §B.3.]), 

VnGZ 7r„(X) = colim7r„+fc(Xfc). 

k 

where vr„_|_fc(Xfc) denote the usual homotopy groups. 

3. For a pointed dg category iX, the Grothendieck-Witt spectrum GW{£^) is dehned 
as a symmetric spectrum ( |S3l §4.4, Dehnition 5.4]) 

GW(^/) := {GW{£/)o, GW{£/)u GW{£^)2, ...}. 
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Further, for n G Z the n—shifted GhF-spectrum is defined to be 

:= GW where denote the n—shifted dg category of . 

In fact, GW(^), is a positive hl-spectrum ( |S3l Theorem 5.5]). For n,i E Z, denote 
GWfV) := (gwI^V)) = cohm7r„+fc (gwM(^),) , (H) 

where the latter equality is a property of positive hl-spectra. 

With respect to sequences w ) -^ w) -^ w ) of pointed dg categories 

with weak equivalences and dualities, GW-spectra behave well (see |S3l Theorem 6 . 6 ]), 
when the associated sequence of triangulated categories are exact (assuming 2 is invertible). 
However, while dealing with non-regular schemes, as noted in Lemma 14.11 the relevant 
sequence of associated triangulated categories are exact only up to factors. To remedy this 
situation, in analogy to K-theory spectra, Karoubi-Grothendieck-Witt spectrum GIF(iF) 
of pointed dg categories with weak equivalences and dualities are defined |S3| . 

Definition A. 2. For dg categories sZ with weak equivalences and dualities, the Karoubi- 
Grothendieck-Witt spectrum GIF {s^) takes value in the category of Bispectra. Again, we 
only outline the definition of Bispectra and GW{^) from |S3) . 

1. Note that the category {Top^, A, S^) of pointed topological spaces, with smash prod¬ 
uct A is a symmetric monoidal category, where the unit is S^. The process used to 
obtain the category Sp from (Top*,A,S'°) is fairly formal and is described in [S^ 
§ B.9.], where had a special role to play. The category of Bispectra is obtained, 
by iterating the same process on Sp, as follows. 

(a) Denote S := {S'®, ...} G Sp. For X, F G Sp define a new smash product 

X A 5 F by push forward 

X A^AF^^X AF 

-Aly 

X AF - -X A 5 F 

Then, (Sp, As, S) is cofibrantly generated closed symmetric monoidal model 
category, with the positive stable model structure on Sp. By abuse of notations, 
write := S A {S^,pt,pt, ■ ■ ■) = {S^, A S^, S'^ A S^, • • ■). Also, let be a 
cofibrant replacement of G Sp. 
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(b) The process mentioned above [S3l §B.9.] is applied to this category (Sp, As, S) 

with the special role played by G Sp (see [S3l The category thus 

obtained is called category S'-bispecta which is denoted by 

BiSp := Sp(Sp, ^1) := Sp ((Sp, A5, 5), 51) 

We describe BiSp as follows (see [S3l §B.ll.]); 

i. Let Sp^ denote the category of functors S -A- Sp. So, an object in Sp^ is a 
sequence {Xq, Xi, X 2 ,...,) where Xn G Sp are spectra, with a left action of 
the symmetric groups 

ii. The smash product As extends to a smash product As in Sp^. 
hi. Write 5 := (^°, S\ As S\ As As S\ ...). 

iv. The objects in BiSp are ^-modules M G Sp^. This means that there is map 
(natural transformation) S' A M —)■ M, compatible with the action of S. 

V. The objects X G BiSp are also called S*^—SLbispectrum. 

(c) BiSp has a (positive) stable symmetric monoidal model structure (see [S^ §B.9, 
B.ll]), by results of Hovey |Hoj . For bispectra ^”,3^ G BiSp, let [df,3^]j:f(BiSp) 
denote the set of all morphisms X ^ y in this stable homotopy category. Dehne 
the homotopy groups of X as 

T^n{,X) := [S'^, X]H{BiSp) 

li X = {Xq, Xi, X 2 ,...) G BiSp is a level hbrant semistable S*^—S'^-bispectrum, 
then f |S31 Lemma B.16]) 

TTniX) := A’]^^(BiSp) = colim(7r„+fc(T’fc)) (12) 

k 

2. Suppose sy is a pointed dg category with weak equivalence and duality. Let 

denote the iterated n-fold suspension of £/ (see [SSl §8.1]). Denote GkF(i2/)„ := 
GW{S^sy) G Sp, the GW-spectrum of S^s^. Then, has a left action on 
QW{sy)n. The Karoubi-Grothendieck-Witt spectrum GfF(^) of is dehned as 
the 5^—S'^-bispectrum (see fS^ §8.2]) 

:= GW(jy)i, GW{£/)2, GW{sy)n ,...) G BiSp. 

The Karoubi-Grothendieck-Witt spectrum is dehned as a functor GW : dgCatWD^ —>■ 
BiSp from the category of pointed small dg categories with weak equivalences and 
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dualities to the category of Bispectra. For n E Z, the Karoubi-Grothendieck-Witt 
groups are dehned as, and are isomorphic to 


GWnis^) := TTn (GW (s^)) ^ CO lim TT^+fc {GW{£/)k) = colim7r„+fc (GW(5^.i^)) 

k k 

= colim (colim [TTn+k+m (GW(5''.c/))^) j 

The latter isomorphisms follow because the formulas ITTl IT^ would apply. For n,i E 7^ 
dehne the n—shifted Karoubi-Grothendieck Witt spectrum and groups, respectively, 
as 

GW^^\£/) := GW and GWt\^) := {GW^^\s^)) . 


Acknowledgement: The author would like to express his appreciation to Marco Schlicht- 
ing, for his sincere academic support over a significant period of time, including the author’s 
recent visits to U. of Warwick. 


References 

[Bl] Balmer, Paul Triangular Witt groups. I. The 12-term localization exact sequence. 
K-Theory 19 (2000), no. 4, 311-363. 

[B2] Balmer, Paul Supports and hltrations in algebraic geometry and modular represen¬ 
tation theory. Amer. J. Math. 129 (2007), no. 5, 1227-1250. 

[B3] Balmer, Paul Niveau spectral sequences on singular schemes and failure of generalized 
Gersten conjecture. Proc. Amer. Math. Soc. 137 (2009), no. 1, 99-106. 

[BW] Balmer, Paul; Walter, Gharles A Gersten-Witt spectral sequence for regular schemes. 
Ann. Sci. Ecole Norm. Sup. (4) 35 (2002), no. 1, 1277152. 

[BH] Bruns, Winfried; Herzog, Jurgen Gohen-Macaulay rings. Gambridge Studies in Ad¬ 
vanced Mathematics, 39. Cambridge University Press, Cambridge, 1993. xii+403 pp. 

[H] Hartshorne, Robin Algebraic geometry. Graduate Texts in Mathematics, No. 52. 
Springer-Verlag, New York-Heidelberg, 1977. xvi+496 pp. ISBN; 0-387-90244-9 

[Ho] Hovey, Mark Spectra and symmetric spectra in general model categories. J. Pure 
Appl. Algebra 165 (2001), no. 1, 63-127. 

[G] Gille, Stefan A graded Gersten-Witt complex for schemes with a dualizing complex 
and the Ghow group. J. Pure Appl. Algebra 208 (2007), no. 2, 3917419. 

[MSI] Satya Mandal and Sarang Sane Stability of locally GMFPD homologies under du¬ 
ality Journal of Algebra AAO (2015) 49-71 


27 


[MS2] Satya Mandal and Sarang Sane, On Devissage for Witt gronps, arXiv; 1306.3533 

[Ml] Mandal, Satya Derived Witt gronp formalism. J. Pure Appl. Algebra 219 (2015), no. 
8 , 3518-3534. 

[M2] Satya Mandal, Snblagrangian constrnctions, J. Ramanujan math. Soc, to appear 

[M3] Mandal, Satya Foxby Morphism and derived eqnivalences, J. of Algebra 440 (2015) 
113-127. 

[M] Matsnmnra, Hideynki Commntative algebra. Second edition. Mathematics Lectnre 
Note Series, 56. Benjamin/Cummings Publishing Co., Inc., Reading, Mass., 1980. 
xv-l-313 pp. 

[SS] Sarang Sane and William Sanders, Finite homological dimension and a derived eqniv- 
alence, arXiv; 1406.0593 

[Q] Qnillen, Daniel Higher algebraic K-theory. I. Algebraic K-theory, I: Higher K-theories 
(Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), pp. 85-147. Lectnre 
Notes in Math., Vol. 341, Springer, Berlin 1973. 

[RS] Roberts, Panl C.; Srinivas, V. Modnles of hnite length and hnite projective dimen¬ 
sion. Invent. Math. 151 (2003), no. 1, 1-27. 

[51] Schlichting, Marco Higher algebraic iF-theory. Topics in algebraic and topological 
K-theory, 167-241, Lectnre Notes in Math., 2008, Springer, Berlin, 2011. 

[52] Schlichting, Marco Negative K-theory of derived categories. Math. Z. 253 (2006), no. 
1, 97-134. 

[53] Schlichting, Marco HERMITIAN K-THEORY, DERIVED EQUIVALENCES AND 
KAROUBFS FUNDAMENTAL THEOREM, arXiv;1209.0848 

[54] Reviewed Schlichting, Marco The Mayer-Vietoris principle for Grothendieck-Witt 
gronps of schemes. Invent. Math. 179 (2010), no. 2, 349-433. 

[TT] Thomason, R. W.; Trobangh, Thomas Higher algebraic K-theory of schemes and of 
derived categories. The Crothendieck Festschrift, Vol. HI, 247-435, Progr. Math., 88, 
Birkhduser Boston, Boston, MA, 1990. 

[W] Waldhausen, Friedhelm Algebraic LF-theory of spaces. Algebraic and geometric topol¬ 
ogy (New Brnnswick, N.J., 1983), 318-419, Lectnre Notes in Math., 1126, Springer, 
Berlin, 1985. 


28 


